Introduction
Traditional supervised learning algorithms generate a single model such as a Naïve Bayes classifier or multilayer perceptron (MLP) and use it to classify examples. 1 Ensemble learning algorithms combine the predictions of multiple base models, each of which is learned using a traditional algorithm. Bagging [3] and Boosting [4] are well-known ensemble learning algorithms that have been shown to improve generalization performance compared to the individual base models. Theoretical analysis of boosting's performance supports these results [4] .
In previous work [1] [2], we developed online versions of bagging and boosting. Online learning algorithms process each training example once "on arrival" without the need for storage and reprocessing, and maintain a current model that reflects all the training examples seen so far. Such algorithms run faster than typical batch algorithms in situations where data arrive continuously. They are also faster with large training sets for which the multiple passes through the training set required by most batch algorithms are prohibitively expensive. In Sections 2 and 3, we describe our online bagging and online boosting algorithms, respectively. In particular, we describe how we mirror the methods that the batch bagging and boosting algorithms use to generate diverse base models, which are known to help ensemble performance.
There have been other recent efforts to develop online ensemble learning algorithms. An online bagging algorithm was developed [7] in which the user chooses the probability that each training example is chosen for inclusion in each base model's training set. After considerable tuning, it performed comparably to online bagging [5] . The same paper [7] contains an online boosting algorithm that attempts to duplicate Breiman's Arc-x4 algorithm. In [8] , the authors develop a lossless online bagging algorithm that draws training example weights for each base model according to a Gamma distribution. However, their algorithm is lossless relative to a batch bagging algorithm that uses a Dirichlet distribution to draw its weights rather than the original bagging algorithm.
In our previous work, we also discussed some preliminary theoretical results and some empirical comparisons of the classification accuracies of our online algorithms with their corresponding batch algorithms on many datasets of varying size. In Sections 2 and 3, we give a brief description of some additional theoretical results. In Section 4, we review the experimental results in our previous work demonstrating the performance of our online algorithms relative to their batch counterparts. In this paper, we expand upon these results by comparing their running times. We test our online bagging and boosting algorithms with two different base models: Naïve Bayes classifiers and MLPs. We chose Naïve Bayes classifiers because a lossless online learning algorithm is available for them. For a given training set, a lossless online learning algorithm returns a model identical to that returned by the corresponding batch algorithm. For MLPs, we are forced to use a lossy online learning algorithm. In particular, we do not allow the MLP's backpropagation algorithm to cycle through the entire training set in multiple epochs the way backpropagation is normally allowed to do. Overall, our online bagging and boosting algorithms perform comparably to their batch counterparts in terms of classification accuracy when using Naïve Bayes base models. The loss experienced by online MLPs relative to batch MLPs leads to a significant loss for online bagging and boosting relative to the batch versions. Online bagging often does improve significantly upon online MLPs; however, online boosting never performs significantly better than single online MLPs in our tests. We also compare the running times of the batch and online algorithms. If the online base model learning algorithm is not significantly slower than the corresponding batch algorithm, then the bagging and online bagging algorithms do not have a large difference in their running time in our tests. On the other hand, our online boosting algorithm runs significantly faster than batch boosting. For example, on our largest dataset, batch boosting ran twice as long as online boosting to achieve comparable classification accuracy.
Online Bagging
Given a training dataset T of size N , standard batch bagging creates M base models. Each model is trained by calling the batch learning algorithm Lb on a bootstrap sample of size N created by drawing random samples with replacement from the original training set. Figure 1 gives the pseudocode for bagging. 
which is the Binomial distribution. As € N → ∞, the distribution of K tends to a Poisson(1) distribution: Figure 2) . New examples are classified the same way in online and batch bagging---by unweighted voting of the M base models.
Set k according to Poisson (1) . Online bagging is a good approximation to batch bagging to the extent that their base model learning algorithms produce similar models when trained with similar distributions of training examples. In past work [1] [5], we proved that if the same original training set is supplied to the two bagging algorithms, then the distributions over the training sets supplied to the base models in batch and online bagging converge as the size of that original training set grows to infinity. We have also proven that the classifiers returned by bagging and online bagging converge to the same classifier given the same training set as the number of models and training examples tends to infinity under two conditions. The first is that the base model learning algorithms return classifiers that converge toward the same classifier as the number of training examples grows. The second is that, given a fixed training set T, the online and batch base model learning algorithms return the same classifier for any number of copies of T that are presented to the learning algorithm. For example, doubling the training set by repeating every example in T yields the same classifier as T would yield. For example, this condition is true of decision trees and Naïve Bayes classifiers, but is not true of MLPs, since doubling the training set effectively doubles the number of epochs in backpropagation training. Due to a lack of space, please see [5] for formal details.
If ε m ≥ 1/2 then set M = m -1 and abort loop. 
Online Boosting
Our online boosting algorithm is designed to be an online version of AdaBoost.M1 [4] (the pseudocode is given in Figure 3 
€

Initial conditions : For all
To classify a new example with input x, return : One area of concern is that, in AdaBoost, an example's weight is adjusted based on the performance of a base model on the entire training set while in online boosting, the weight adjustment is based on the base model's performance only on the examples seen earlier. To see why this may be an issue, consider running AdaBoost and online boosting on a training set of size 10000. In AdaBoost, the first base model € h 1 is trained on all 10000 examples before being tested on, say, the tenth training example. In online boosting, € h 1 is trained on only the first ten examples before being tested on the tenth example. Clearly, at the moment when the tenth training example is being tested, we may expect the two algorithm, and so on. Intuitively, we want online boosting to get a good mix of training examples so that the base models and their normalized errors in online boosting quickly converge to what they are in AdaBoost. The more rapidly this convergence occurs, the more similar the training examples' weight adjustments will be and the more similar their performances will be. We have proven [5] that for Naïve Bayes base models, the online and batch boosting algorithms converge to the same classifier as the number of models and training examples tend to infinity.
Experimental Results
In this section, we discuss results on several datasets, whose names and numbers of training examples, test examples, inputs, and classes are given in Table 1 . The Census Income dataset comes with fixed training and test sets, which we use in our experiments. For the remaining datasets, we used 5-fold cross-validation. We tested with some small datasets to show that the online algorithms can often achieve performance comparable to batch algorithms even when given a small number of data points. Of course, our results with larger datasets are more important. All but three of the datasets are from the UCI KDD repository [6] . The remaining three are synthetic datasets that were chosen because the performance of a single Naïve Bayes classifier varies significantly across these three datasets. These datasets allow us to compare the performances of the online and batch ensemble algorithms on datasets of varying difficulty.
Accuracy
We present results using two different base model types: Naïve Bayes classifiers and multilayer perceptrons (MLPs). Both bagging algorithms generated 100 base models. Both boosting algorithms were allowed to generate up to 100 base models. All the results shown are based on 10 runs of 5-fold cross validation (except on the Census Income dataset, where we used the supplied training and test sets). All the online algorithms were run five times for every one time the batch algorithm was run, with different random orders of the training set. This was done to account for the effect that the order of the training examples can have on the performance of an online learning algorithm. The online MLP was trained by using backpropagation to update the MLP with each training example ten times upon arrival; however, the algorithm only ran through the entire training set once in the order in which it was presented. The batch MLP was trained by using backpropagation to update the MLP in ten epochs (ten cycles through the entire training set). All comparisons between algorithms were made using a paired t-test (α=0.05). Table 2 shows the results of running bagging with Naïve Bayes classifiers. Entries in boldface/italics indicate that the ensemble algorithm performed significantly better/worse than a single Naïve Bayes classifier. The batch and online bagging algorithms performed comparably to each other (i.e., no statistically significant differences) and mostly performed comparably to the batch Naïve Bayes algorithm. This is expected due to the stability of Naïve Bayes classifiers [3] . That is, the Naïve Bayes classifiers in a bagged ensemble tend to classify new examples the same way (we obtained at least 90% agreement on all test examples) in spite of the differences in the training sets. Table 3 shows the results of running the boosting algorithms with Naïve Bayes classifiers. In the "Online Boosting" column, any entry with a '+' or '-' after it indicates that online boosting performed significantly better/worse than batch boosting, respectively. Batch boosting significantly outperforms online boosting in many cases---especially the smaller datasets. However, the performances of boosting and online boosting relative to a single Naïve Bayes classifier agree to a remarkable extent. That is, when one of them is significantly better or worse than a single Naïve Bayes classifier, the other tends to be the same way. Table 4 shows the results of running bagging with MLPs. The entries for bagging shown in boldface/italics indicate that bagging significantly outperformed/underperformed relative to the batch MLP. The entries for online bagging shown in boldface/italics indicate that online bagging significantly outperformed/underperformed relative to the online MLP. The entries for online bagging with a '-' after them indicate that it performed significantly worse than batch bagging for that dataset. The online MLP always performed significantly worse than the batch MLP; therefore, it is not surprising that online bagging often performed significantly worse than batch bagging. However, online bagging did significantly outperform online MLPs most of the time. Table 5 gives the results of running boosting with MLPs. Entries in the online MLP and boosting column that are given in boldface/italics indicate that it significantly outperformed/underperformed relative to batch MLPs. Entries in the online boosting column given in boldface/italics indicate times when it significantly outperformed/underperformed relative to the online MLP. Entries with a '-' after them indicate times when online boosting performed significantly worse than batch boosting. Clearly, the significant loss in using an online MLP instead of a batch MLP has rendered the online boosting algorithm significantly worse than batch boosting.
Running Time
In this section, we report and analyze the running times of the batch and online algorithms that we experimented with. There are several factors that affect the difference between the running times of an online learning algorithm and its batch counterpart. Online learning algorithms' main advantage over batch learning algorithms is the ability to incrementally update their models with new training examples---batch algorithms often have to throw away the previously learned model and learn a new model after adding the new examples to the training set. This is clearly very wasteful computationally and is impossible when there are more data than can be stored. Additionally, batch bagging must cycle through the dataset at least MT times, where M is the number of base models and T is the number of times the base model learning algorithm must cycle through the training set to construct one model. Therefore, each training example is examined MT times. On the other hand, online bagging only needs to sweep through the training set once, which means that each training example is examined only M times (once to update each base model's parameters). Online algorithms do not require storing the entire training set. However, for a fixed training set (i.e., one to which new training examples are not continually added), batch algorithms sometimes run faster than the corresponding online algorithms. This is because batch algorithms can often set their model parameters once and for all by examining the entire training set at once while online algorithms have to update their parameters once per training example. The comparison between batch and online boosting has the additional factor of the number of base models. Batch boosting, when called with the upper limit of M base models, can choose to generate fewer models---recall that if a model's error is greater than 0.5, then boosting will discard that model and return the ensemble generated so far. Online boosting does not have this luxury because it does not know what the final error rates will be for each base model. This difference can lead to lower training times for batch boosting. However, batch boosting needs to cycle through the training set M(T+1) times---each of the M base models requires T cycles through the training set to learn the model and one cycle to calculate the error on the training set. Online boosting only requires one sweep through the training set. Table 6 shows the running times for Naïve Bayes as well as all the ensemble learning algorithms using Naïve Bayes classifiers as base models. The running time for online bagging is generally somewhat greater than for batch bagging. The total number of times each training example is examined is the same for both batch and online bagging with Naïve Bayes classifiers. However, online bagging requires a greater number of procedure calls to the learning algorithm (MT as opposed to M), which may explain the running time difference. On the other hand, online boosting has a clear running time advantage over batch boosting. Online boosting's fewer sweeps through the dataset clearly outweigh any reduction in the number of base models returned by batch boosting, especially for larger datasets. Tables 7-8 give the running times for MLPs and the batch and online ensemble algorithms. This time, both online bagging and online boosting are faster than their batch counterparts. The batch algorithms are slowed down because each MLP requires ten cycles through the dataset.
Conclusions
In this paper, we discussed online versions of bagging and boosting and gave both theoretical and experimental evidence that they can perform comparably to their batch counterparts in terms of accuracy while running much faster. The difference between the accuracies of the batch and online ensemble algorithms is largely a function of the differences between the accuracies of the batch and online base model learning algorithms. When lossless online base model learning algorithms are available (such as for Naïve Bayes classifiers), the performances of the ensemble algorithms tend to be comparable. In this paper, we experimented only with batch datasets, i.e., one is not concerned with concept drift. Online algorithms are useful for batch datasets that cannot be loaded into memory in their entirety. We plan to experiment with online domains---domains where data arrive continually and where a prediction must be generated for each data point upon arrival. In these situations, the learner may be given immediate feedback (such as a calendar assistant which may suggest a meeting time which the user can either select or change) or may obtain feedback periodically. The timevarying nature of such datasets make them more difficult to deal with but more needy of online ensemble learning algorithms.
